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Abstract. We calculate the electron recombination rates with target ions Wq+,
q = 18 – 25, as functions of electron energy and electron temperature (i.e. the
rates integrated over the Maxwellian velocity distribution). Comparison with available
experimental data for W18+, W19+, and W20+ is used as a test of our calculations. Our
predictions for W21+, W22+, W23+, W24+, and W25+ (where the experimental data are
not available) may be used for plasma modelling in thermonuclear reactors. The results
for the temperature dependent rates for each ion are fitted with the standard analytical
expressions to make them easy to use. All of these ions have an open electron f -shell
and have an extremely dense spectrum of chaotic many-electron compound resonances
which enhance the recombination rates by 2-3 orders of magnitude in comparison with
the direct electron recombination. Conventional dielectronic recombination theory
is not directly applicable in this case. Instead, we developed a statistical theory
based on the properties of chaotic eigenstates. This theory describes a multi-electronic
recombination (extension of the dielectronic recombination) via many-excited-electron
compound resonances.
PACS numbers: 34.80Lx, 31.10.+z, 34.10.+x
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1. Introduction
The aim of this work is to calculate an electron recombination rate with tungsten ions
that are impurities in the fusion plasma. The current theoretical database for the rate
coefficients from ADAS (Atomic Data and Analysis Structure [1, 2]) is not reliable.
Tungsten is a vital element for ITER (International Thermonuclear Experimental
Reactor) and JET(Joint European Torus) since it is used as plasma-facing material
and for a divertor of the machine, which collects the heat produced by fusion plasma
[3, 4]. Thus some contamination of the core plasma by tungsten ions is unavoidable.
Detailed knowledge of the reaction rates of tungsten ions with electrons in plasma (such
as excitation, ionisation, and recombination) is very important for the fusion plasma
modelling and an efficient energy production from the fusion plasma.
The problem with multiply charged tungsten ions and many other ions with
several electrons in an open f -shell is that there is a very dense spectrum of
chaotic multi-electronic compound resonances there which dominates the recombination
rate. The interval between these resonances may be smaller than 10−6 eV, and the
total number of important configuration state functions (CSFs) may reach billions
[5]. In these circumstances, their mixing becomes chaotic and extremely sensitive
to any unaccounted perturbation (such as higher order correlation and quantum
electrodynamics corrections) [6].
Traditional approaches to the calculation based on the dielectronic recombination
are not directly applicable here. Instead, we must deal with the multi-electronic
recombination. We have developed a consistent statistical theory — the many-body
quantum chaos (MBQC) statistical theory [6, 7, 8] — in which the electron capture
cross section into the multi-electronic resonances is expressed in terms of the dielectronic
“doorway” resonances broadened by the coupling to the multi-electronic excitations.
The recombination cross section is obtained as a product of this capture cross-section and
the fluorescent yield for the multi-electronic compound states [9]. The MBQC statistical
theory predicts the results averaged over a small energy interval containing many
compound resonances. Due to the very dense spectrum of the compound resonances and
finite experimental energy resolution, this averaging also happens in the experimental
data.
Previously, we studied electron recombination in Au25+ using the statistical
theory [7, 10]. These works found that the measured ∼ 100-fold enhancement of the
recombination rate over the predicted direct radiative rate at low energies (less than or
about 1 eV) [11] is explained by the dense spectrum of compound resonances containing
chaotic mixtures of many electron basis states. A similar enhancement was calculated
for the recombination with W20+ [8] that is also in agreement with measurements at
the heavy-ion storage ring [12]. In [13] we calculated the fluorescence yield in the
same framework which enabled us to calculate the electron recombination rate over a
larger electron energy range. Finally, our most recent work in the series examined the
electron capture cross section in the many-electron determinant basis and in the basis
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of configuration state functions with definite total electron angular momentum [5]. The
result shows that both methods give nearly the same outcome for the electron capture
via compound resonance states.
In this paper we apply our MBQC statistical theory to the problem of electron
recombination with multiply charged tungsten ions with open f -shells. In Sections 3
and 4 we summarize the theory, including specific details of relevance for these ions.
Electron recombination rates with W20+ and nearby ions W18+ and W19+ have been
measured and calculated in Refs. [12, 14, 15, 16, 17]. Comparison of our calculations
with the experimental data from these papers is presented in 5. We also predict the
electron recombination rates for the other ions Wq+ (q = 21 – 25) where experimental
data are not available and future measurements may be prohibitively complicated or
even impossible using present methods. These ions may have significant abundance in
the plasma at certain temperatures (about 100 − 300 eV for W20+ [12]). Finally we
convolve the recombination cross sections with an isotropic Maxwellian electron energy
distribution to obtain thermally-averaged recombination rates for all eight ions for use
in plasma modelling. These are presented in Figures 6 and 7 and are the main result of
this work. The temperature -dependent recombination rate at temperatures about 100
eV is not sensitive to the exact positions of the doorway resonances since the integration
over energy smooths out all structures which have 10 eV scale .
Atomic units (h¯ = |e| = me = 1) are used throughout this work except where
otherwise specified.
2. Comparison of di-electronic and chaotic multi-electronic recombination
For many years the di-electronic recombination theory was used to calculate the
recombination rate. Therefore, it is important to explain why this approach should
not be applied for ions with many active electrons in open shells where the processes are
dominated by a very dense spectrum of compound resonances. Indeed, the capture of
electron by a highly charged ion produces an excited state ∼1000 eV above the ground
state. This energy may be distributed among several open shell electrons in millions of
different ways, and the di-electronic states with only two excited electrons comprise a
very small fraction of all available states. The number of available many-excited-electron
states near the ionisation threshold is especially large when the f -shell is open. It is
important that in the regime of a very strong chaotic configuration mixing all compound
resonances can capture electron with comparable probabilities and contribute to the
resonance cross sections.
However, even in this regime of chaotic compound resonances the di-electronic
components of the compound states play a special role: they provide doorways to the
compound states since they are directly coupled to the initial target+ electron state by
the Coulomb interaction matrix element. Using the optical theorem we demonstrated
[9] that the total resonance capture cross section of electron is given by the sum over
di-electronic doorways states only (see Eq. (7)). However, these di-electronic resonances
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are strongly broadened by the interaction with many-electron excitations, and the Breit-
Wigner resonance denominator contains an additional spreading width Γspr (defined in
Eq. (5)) which is significantly larger then the autoionisation and radiation widths.
A similar conclusion is valid for other reactions, e.g. for the resonance photon
capture (including the photoionisation) where the doorway state is the single-electron
excitation produced by the direct photon capture from the atom ground state.
The recombination cross section is obtained as a product of this capture cross-
section and the fluorescent yield for the multi-electronic compound states. Here the
difference between the di-electronic and multi-electronic recombination theories is even
more significant. The fluorescent yield for the chaotic compound states is significantly
higher than that for the di-electronic states. Indeed, for a di-electronic state the numbers
of the electron emission channels and the photon emission channels are comparable.
On the contrary, in a chaotic compound state only a small fraction of the compound
states components, the di-electronic components, give the autoionzation width Γ(a) while
all the compound state components contribute to the radiative width Γ(r) making the
fluorescent yield (the ratio Γ(r)/(Γ(r) + Γ(a))) strongly enhanced. In other words, the
enhancement factor is the number of the radiative decay channels (given by a million of
the final states below the excited compound states) to a few open autonisation channels
available slightly above the ionisation threshold.
3. Spectrum and wavefunctions
In this work we have applied the statistical theory to the recombination of an electron
with open f -shell tungsten ions. The target ions are Wq+ ([Kr]4d104fn) with q =18 – 25,
and n = 28− q (i.e. n runs from 10 – 3 for the respective ions). After the target and a
free electron in continuum are recombined, the compound ions W(q−1)+ ([Kr]4d104fn+1)
are formed.
We began by solving the Dirac-Hartree-Fock (DHF) equations self-consistently for
the core of the target ion W q+. In this frozen 1s2...4fn core we calculated a basis
of single-particle orbitals up to 7spdfg. That is, we include all spectroscopic orbitals
with principal quantum number n ≤ 7 and orbital angular momentum l ≤ 4. This is
sufficient for the calculation of the excitation spectrum near the ionization threshold of
the compound ion W(q−1)+.
The second step is to find a list of many-electron configurations for target and
compound ions using this basis by distributing the electrons of the 4d and 4f shells
among the 31 relativistic (j = l±1/2) orbitals (5s – 7s, 5p – 7p, 4d – 7d, 5f – 7f , and 5g
– 7g). There are (10 + n) electrons and (11 + n) electrons for the target and compound
ions, respectively. Each configuration has an average energy ECA and represents N
many-electron states with various angular momenta J and projections. Configuration
mixing does not significantly affect the position of the configuration average energy.
Therefore, we may estimate the spectrum density of the excited states in the compound
ion W (q−1)+ by means of the average configuration energies ECA and the number of
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Figure 1. Left panel: calculated configuration-average energy spectra of the target
ion W18+ (left) and the compound ion W17+ (right). The ionisation energy I and the
electron ion collisional energy ε have been marked on the graph. Right panel: the total
level density of the compound ion W17+ on the logarithmic scale.
many-electron states within each configuration N :
ECA = Ecore +
∑
α
αnα +
∑
α≤β
nα(nβ − δαβ)
1 + δαβ
Uαβ (1)
N =
∏
α
[jα]!
nα!([jα]− nα)! , (2)
where the relativistic orbital α has the integer occupation number nα, [jα] = 2jα + 1
is the degeneracy of the orbital α, and α is the single-particle energy of the orbital α
in the DHF field of the core. Uαβ is the average Coulomb interaction energy (including
the exchange energy) for electrons in states α and β:
Uαβ =
[jα]
[jα]− δαβ
[
R0(αβαβ)−
∑
λ
ξ(lα+lβ+λ)Rλ(αββα)
(
jα jβ λ
1
2
−1
2
0
)2 ]
.(3)
Here Rλ(αβγδ) is the radial integral of the two-body Coulomb interaction with a
multipolarity λ (Equation (11)), and ξ(L) = [1 + (−1)L]/2 is the parity factor.
Eigenvalues of the Dirac-Coulomb Hamiltonian operator in the many-electron basis
can generally be found by diagonalising the matrix Hij = 〈ϕi|H|ϕj〉 in the many-electron
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configuration basis |ϕn〉 (e.g. Slater determinants). The eigenvectors are expressed
via expansion coefficients C
(ν)
i as a linear superposition |ν〉 =
∑
iC
(ν)
i |ϕi〉. This is the
usual configuration interaction (CI) approach. However, performing a configuration
interaction calculation can be a formidable task for an atomic system which has many
active valence electrons. This is the regime where a strong configuration mixing may
happen due to the two-body residual electron-electron interaction. The level density
of excited many-body states gets high and the residual interaction between electrons
exceeds the mean level spacing between the many-body states with fixed angular
momentum J and parity pi. This is the reason for the emergence of the many-body
quantum chaos [19, 6, 18].
Fortunately, the configuration mixing can be taken into account statistically in
the MBQC formalism. This approach has a very important advantage in that it does
not require diagonalization of the huge Hamiltonian matrices [20, 21, 22, 23]. The
expansion coefficients for a complex compound state |ν〉 have a random distribution
with zero mean, C
(ν)
n = 0. The variance |C(ν)n |2 is given by the Breit-Wigner formula
|C(ν)n |2 = D
2pi
Γspr
(En − Eν)2 + Γ2spr/4
, (4)
where En = Hnn is the energy of a many-electron basis state, Eν is the energy of
a compound state, and D is the mean level spacing between adjacent basis states
(or compound resonances) in a given Jpi manifold. The spreading width Γspr can be
expressed in terms of the non-diagonal matrix elements of the Hamiltonian matrix [19]:
Γspr = 2pi
|Hnk|2
D
. (5)
The distribution Equation (4) is normalised:
∑
n |C(ν)n |2 '
∫ |C(ν)n |2dEn/D = 1. The
principal components are located within the energy interval |En−Eν | ' Γspr, and the tail
of the distribution for |En−Eν |  Γspr decreases in accordance with perturbation theory:
|C(ν)n |2 ∼ DΓspr/(En − Eν)2. The emergence of quantum chaos and the distribution of
the components (4) have previously been tested in numerical calculations [6, 7, 24].
The left-hand panel of Fig. 1 shows the configuration-average energy spectra of the
target ion W18+ and the compound state W17+. The average energy of each configuration
and the number of many-electron states associated with it have been calculated from
Eqs. (1) and (2), and these are used to calculate the total level density of the compound
ion W17+, shown in the right-hand panel of Fig. 1. The total level density of the
compound ion near the ionisation threshold can be estimated by counting the number
of many-electron states within the spreading width Γspr, ρ(E) ≈ ∑iNi(Ei)/Γspr, where
E − Γspr/2 < Ei < E + Γspr/2.
In Table 1 our calculated ionisation energies are compared with NIST data [25]. Our
calculations use the configuration-averaged approach; for example, the configuration-
average ground state energy of W18+(4f 10) is −755.0708 a.u. and after recombination,
the ground configuration energy of W17+(4f 11) is −770.3405 a.u. Thus the ionisation
energy is 15.27 a.u. in this approximation.
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Table 1. Properties of tungsten ions. Here I is the ionisation energy of the
compound ion (a.u.), NWq+ is the number of relativistic configurations within an
energy range of 240 eV above the ionisation threshold of W(q−1)+, NW(q−1)+ is the
number of configurations used to obtain density of states and total radiative width of
the compound ion. The spreading widths Γspr (a.u.) for each ion are also presented in
the last column.
Target ion IW(q−1)+ NWq+ NW(q−1)+ Γ
c
spr
Wq+(4fn) Expt.a Theoryb
W18+(4f10) 5I8 15.5 15.27 227 92417 0.56
W19+(4f9) 6Ho15/2 17.0 16.73 165 30900 0.65
W20+(4f8) 7F6 18.5 18.25 121 52669 0.68
W21+(4f7) 8So7/2 20.0 19.81 80 17782 0.68
W22+(4f6) 7F0 21.8 21.41 59 13603 0.65
W23+(4f5) 6Ho5/2 23.5 23.36 49 10617 0.59
W24+(4f4) 5I4 25.2 25.05 35 8031 0.50
W25+(4f3) 4Io9/2 27.0 26.79 25 5769 0.16
a Ionization energy of the compound ion from Ref. [25].
b Ionization energy in the mean field approximation used in this work.
c The spreading widths have been calculated in Ref. [8].
We have found 227 configurations of W18+(4f 10) in the energy range up to ε = 240
eV. These configurations provide final states for the autoionization channels which
contribute to the total autoionization widths of the compound states. On the other
hand, the energy range of the configurations making the compound states is located
much higher, near the ionisation threshold. They are used to find the total level density
and the total radiative width (13). The total number of configurations used for the
compound ions are presented in the fifth column of Table 1.
The last column in Table 1 shows the estimated spreading widths from Ref. [8].
It characterises the strength of the configuration mixing (see Equation (4)). It can
be understood as an energy range around a resonance from where the most of the
doorway states’ contributions comes. Outside the spreading width the coefficients C(ν)n
decrease significantly. The spreading width is expressed via mean-squared off-diagonal
elements of the Hamiltonian matrix from (5). When more configurations are added to
the Hamiltonian matrix, both H2ij and the mean level spacing D decrease. However
their ratio does not change significantly, so the spreading width remains unchanged (for
a given ion).
4. Statistical theory applied to electron recombination
In previous papers it has been shown how the MBQC statistical theory can be used to
calculate transition matrix elements between chaotic compound states [20, 21, 22, 23]
and to obtain the resonant cross-section of electron-ion recombination [7, 10, 8, 13, 9, 5].
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We very briefly present the main results in this section.
The theoretical resonant recombination process [26] may be depicted as follows:
e− + Aq+ → A(q−1)+∗∗ → A(q−1)+∗ + γ. (6)
The first step of the process shows that the projectile electron is captured in a resonance
state of the compound ion. The system is stabilized radiatively in the second step. The
first step is reversible (by the autoionization).
In the standard resonance theory (see, e.g., Ref. [27]), the recombination cross
section is a fraction of the total (capture) cross-section: σ = ωfσc. The factor ωf is
called the branching ratio or the fluorescence yield since the autoionization and the
radiative decay compete with each other in the process (6). This factorization enables
one to deal with the calculations of the capture cross-section and the fluorescence yield
separately. Note that values of ωf may be different for different resonances, however in
the statistical theory we actually calculate an energy-dependent average value of ωf .
4.1. Capture cross-section
Using the optical theorem expressing the total cross section via the forward scattering
amplitude and (4) for the compound state wave functions, we have shown in Ref. [9] that
the summation over compound resonances may be replaced by the sum over dielectronic
doorway states (the basis components which are directly connected to the continuum by
the Coulomb interaction). The resonant capture cross-section in the statistical theory
is given by
σc =
2pi2
k2
∑
n
(2Jn + 1)
2(2Ji + 1)
1
2pi
ΓsprΓ
(a)
ni
(ε− εn)2 + Γ2spr/4
, (7)
where k is the wave number (k2 = 2ε in a.u.) of the projectile electron with collision
energy ε, εn = En − Ei is the energy of the dielectronic resonance relative to the
ionisation threshold Ei of the ion A
(q−1)+ ( i.e. relative to the ground state energy of
the target ion Aq+) and the autoionization width of the dielectronic resonance ϕn to the
initial channel is given by
Γ
(a)
ni = 2pi
∑
jl
|〈(εnjl; Ji)JnMn|V |ϕn〉|2 , (8)
where only partial waves that satisfy the selection rules for the Coulomb interaction V
can contribute to the width. Here the continuum state of the free electron with the
angular momentum j and the target state with the angular momentum Ji are coupled
to construct the state with the total angular momentum and parity equal to that of the
resonance ϕn.
Note that according to (7) the width of the dielectronic resonance is dominated by
the spreading width Γspr which characterises an ‘internal decay’: i.e. the mixing of the
dielecronic state with other several-excited-electron components of the compound state.
Indeed, the spreading width Γspr ∼ 0.5 − 0.7 a.u. in the tungsten ions [8] significantly
exceeds the autoionization and radiative widths. If necessary, one may replace Γspr by
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the total width of the doorway state n: Γn = Γspr + Γ
(a)
n + Γ
(r)
n , which includes the total
autoionization and radiative widths [9].
In our previous work [5] we calculated the resonance capture cross section using
(7) and the basis of the dielectronic doorway states with definite angular momentum
Jn and projection (configuration state functions). We also performed calculations in a
simpler basis of the Slater determinants built from the products of the single particle
orbitals (which are not angular momentum eigenstates). The numerical calculations for
W20+ have demonstrated that the results of both calculations are in a good agreement.
Therefore, in the present work we use the Slater determinants as the basis of the
dielectronic doorway states. The total resonance capture cross section in this basis
is given by
σc =
pi2
k2
∑
αβγ−1
∑
jl
[∑
λ
Xλ[(jl)γαβ]
2
2λ+ 1
+
∑
λλ′
{
jγ
j
jβ
jα
λ
λ′
}
Xλ[(jl)γαβ]Xλ′ [(jl)γβα]
+α↔ β
]
nγ
[jγ]
(
1− nα
[jα]
)(
1− nβ
[jβ]
)
Γspr
(ε− εαβγ−1)2 + Γ2spr/4
, (9)
where Xλ[δγαβ] is the Coulomb matrix element
Xλ[cγαβ] = (−1)λ+jc+jγ+1
√
[jc][jα][jγ][jβ] ξ(lc + lα + λ)ξ(lγ + lβ + λ)
×
(
λ
0
jc
−1
2
jα
1
2
)(
λ
0
jγ
−1
2
jβ
1
2
)
Rλ(cγαβ) (10)
and
Rλ(cγαβ) =
∫ ∫ rλ<
rλ+1>
[fc(r)fα(r) + gc(r)gα(r)]
×[fγ(r′)fβ(r′) + gγ(r′)gβ(r′)]drdr′ (11)
is the radial Coulomb integral, f and g being the upper and lower components of the
relativistic orbital spinors. α ↔ β means that the expression inside the square bracket
should be evaluated by interchanging the orbitals α and β and must be added the former
one. The detailed derivation has been presented in our papers [10, 5]. The occupation
numbers nγ, nα nβ are evaluated in the relativistic ground state configuration of the
target ion 4d43/24d
6
5/24f
n1
5/24f
n2
7/2.
In (9) the summation over doorways αβγ−1 extends over the dielectronic excitations
only (in the determinant basis) since the two-body Coulomb matrix elements vanish
for the states with more than two excited electrons from the ground configuration
4d104f (n+1). The electron in the continuum with angular quantum numbers (jl) and
energy ε falls into the particle orbital α of the compound state during the capture
process. The energies of the doorways εαβγ−1 are the configuration average energies
given in (1) with respect to the ionisation threshold: εαβγ−1 = E
CA
αβγ−1 − ECAi .
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4.2. Fluorescence yield
The fluorescence yield determines the probability of the radiative stabilization after
electron capture to a compound resonance. It can be obtained from the ratio of the
total autoionization width Γ(a) and the total radiative width Γ(r):
ωf =
(
1 +
Γ(a)
Γ(r)
)−1
. (12)
The statistical theory for the electric dipole matrix elements (E1 amplitudes) has been
developed in Ref. [28] including numerical tests and comparison with the available
experimental data. The captured electron in a compound resonance above the ionisation
threshold of the ion has a huge number of available final states to make a radiative
transition (since the level density is extremely high). The chaotic (ergodic) mixing
between all available many-electron basis states near given excitation energy guarantees
that practically all transitions permitted by the conserving quantum numbers can
take place. On the other hand, near electron collision energy ε = 0 there is only
one autoionization channel, with the final ion in the ground state. This makes the
fluorescence yield ωf ≈ 1 for ε = 0. Increase of ε leads to opening of new autoionization
channels, and ωf decreases.
The mean-squared values of the matrix elements of the dipole operator between
chaotic many-body states determine the total radiative width which is given by the
formula derived in Ref. [10] (see also [28, 6, 7, 8]):
Γ(r) =
∑
α,β
4ω3βα
3c3
|〈α‖d‖β〉|2 nβ
[jβ]
(
1− nα
[jα]
)
, (13)
The summation here goes over single-particle orbitals β and α, [jα] = 2jα + 1 is the
degeneracy of the orbital α, ωβα = εβ − εα > 0, 〈α‖d‖β〉 is the reduced matrix element
of the dipole operator between the orbitals α and β. The line over the expression in
Equation (13) means the average of the orbital occupation numbers in the compound
states at the electron-ion collision energy ε. In our notation the maximal orbital
occupation number is nα = 2jα + 1. The interpretation of (13) is simple: to have a
transition the initial orbital β should be occupied and the final orbital α vacant.
The total radiative width (13) of the resonances around energy ε is easy to calculate
statistically since it includes matrix elements of a single-particle operator (the electric
dipole operator) between orbitals. Therefore the values of the matrix elements are
fixed as soon as the DHF orbitals are determined. The statistical nature only comes
from the averaging over occupation numbers. The occupation numbers of the orbitals
vary with energy, and can be found by averaging over all compound state components:
nα(E) =
∑
mC2m(E)n
(m)
α , where n
(m)
α is the occupation number of the subshell α in the
basis statem. Although there are other ways to find the average of the occupation factor,
we have not found a significant differences in the final results obtained by different ways
of averaging it.
The total autoionization width of a many-body chaotic state (a compound state)
increases rapidly when the energy of the system increases since a number of low lying
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levels i′ with energy εi′ < ε in the target ion Aq+ increases opening new autoionization
channels. Together with the width Γ
(a)
i of the initial channel (corresponding to the decay
to the ground state of the target ion Aq+), the total autoionization decay width can be
presented as
Γ(a) = Γ
(a)
i +
∑
i′(εi′≤ε)
Γ
(a)
i′ . (14)
Note that Γ
(a)
i′ is not a width of a doorway state given in (8); it is the width of a
compound state which can be expressed as the weighted sum of the doorway widths:
Γ
(a)
i′ =
∑
n |Cn|2Γ(a)ni′ . Therefore the autoionization width of chaotic multi-excited-
electron state is suppressed by the factor |Cn|2 ∼ D/Γspr ∼ 1/N , where N ∼ Γspr/D is
the number of the principle components in a compound state. Our numerical calculation
shows that at low energies the total radiative width of a chaotic compound state is much
bigger than the total autoionization width due to the suppression mentioned above.
To obtain the fluorescence yield we need to calculate the total autoionization width
(14). A partial autoionization width of a compound state is equal to the weighted sum of
the partial doorway widths: Γ
(a)
i =
∑
n |Cn|2Γ(a)ni . In [13], the average partial compound
state autoionization width was estimated using the formula for the capture cross section
(9). Indeed, we may use the following formula linking the capture cross section and the
autoionization width:
σc =
2pi2
k2
∑
J
(2J + 1)
2(2Ji + 1)
ρJΓ
(a)
iJ ≈
pi2
k2(2Ji + 1)
ρΓ
(a)
i . (15)
Here ρJ is the density of states for a fixed angular momentum J , ρ =
∑
J(2J + 1)ρJ is
the total density of states (it is easier to calculate it in the determinant basis). Thus we
can present the compound state autoionization width for a given autoionization channel
i′ as Γ(a)i′ ≈ (2Ji′ + 1)k2σc/(pi2ρ). Finally, the total width Γ(a) of a resonance around
energy ε is obtained by means of equation (14).
The contribution to the total autoionization width from each target configuration
i′ is given by Γ(a)i′ = KMi′k
2σci′/(pi
2ρ), where Mi′ is the number of states in a given
configuration with the energy εi′ < ε. By definition Mi′ ≤ Ni′ , where Ni′ is the total
number of states in this configuration. Here σci′ is the capture cross section for the
configuration i′ of the target ion. The cross section σci′ has been calculated using (9)
by constructing the dielectronic doorway states αβγ−1 (i.e, states with two electrons
and one hole orbitals) from the target configuration i′ and the continuum electron. Our
approximate ab initio calculation gives the coefficient K = 1. We have attempted to
refine the value of K using available experimental data, obtaining K = 1/2 for W18+
and K = 1 for W20+. However, we could not get any value of K for W19+ due to a
difference in the energy dependence of the measured and calculated rate. Therefore, we
take the coefficient K = 1 (ab initio value) for W19+ and other ions as our prediction.
As an example, the total radiative width, the total autoionisation width, and the
fluorescence yield ωf are plotted in Fig. 2 for W
18+. The electron recombination cross
section σ(ε) for an ion at energy ε is calculated by multiplying the capture cross section
σc(ε) by the fluorescence yield ωf (ε).
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Figure 2. Total radiative width Γ(r), total autoionization width Γ(a), and fluorescence
yield ωf for electron recombination with W
18+ ion.
5. Results and discussion
We have applied our statistical theory to calculate recombination rate coefficients of
the collision of an electron with tungsten ions with open f shells. Experimental
measurements for the three ions W20+, W18+, and W19+ have been published in
references [12, 15, 16]. The calculations of other groups for these ions have been reported
in [14, 15, 16]. We have obtained the results for these and five other tungsten ions in
the present work.
The calculated recombination cross section has to be thermally averaged to compare
with the measured data [29]: α(vrel) =
∫
vσ(v)f(vrel,v)d
3v, where vrel is the average
longitudinal velocity of the electron beam relative to the ions. The electron velocity
distribution f(vrel,v) depends on the temperature of the beam. If the transverse
temperature T⊥ is much higher than the longitudinal one T‖ (e.g., kBT⊥ = 10 meV
and kBT‖ = 0.15 meV for the experiment [12]) and v2rel  kBT⊥, we may assume that
the electron recombination rate can be obtained as α ≈ vrelσ = σ
√
2ε/m [10].
In Fig. 3 we present the convergence of α with respect to the number of
configurations of the target ion available in 240 eV energy range. We see that low
energy configurations give the dominant contribution to the recombination rate since
higher configurations produce a small number of open autoionization channels. The
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Figure 3. Convergence of the recombination rate coefficient with respect to the
number of configurations providing the autoionization channels for W18+ in the
calculation energy range (240 eV). The inset shows the magnified tail part of the
curves around 240 eV. The numbers associated with the curves are the numbers of
configurations of the target ions used to calculate the total autoionization rate Γ(a).
inset of the figure shows that the calculation of α with 150 configurations practically
saturates the result even though there are 227 target configurations giving contribution
to the autoionization in the energy range of 240 eV above the ionisation threshold.
In Fig. 4 our calculated electron recombination coefficients are compared with
experimental measurements for W18+, W19+, and W20+ (results for W21+ are also
included here). Fig. 5 shows our predictions for the recombination rates for the ions
W22+, W23+, W24+, and W25+ where there are no experimental data. Our final results
for the electron recombination rates (black solid lines) are in good agreement with the
experiment for W18+ and W20+. However, the energy dependence of the calculated
rate for W19+ is different from the measurement. Surprisingly, we see that the energy
dependence of the experimental data for W19+ is also different from those for W18+ and
W20+.
According to a private communication of S. Schippers the recombination data for
the electron energy above 50 eV have a significant uncertainty due to large statistical
errors (due to a small number of events) and a background from other processes which
should be subtracted. For example, this resulted in a significant difference between
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Table 2. The fitting parameters of the calculated plasma rate coefficients in the
expression Eq.(17)
Target ion cm3s−1(eV)3/2 × 10−7 (eV)
Wq+ C1 C2 C3 C4 C5 C6 E1 E2 E3 E4 E5 E6
W18+ 1.41194.01467.6264 10.30729.4524 3.9021 0.97945.567118.450544.211296.8032 192.2218
W19+ 1.25324.84036.2878 6.7555 9.7919 4.6861 1.02774.922014.387736.863888.9257 188.0938
W20+ 1.14914.57975.0636 6.4154 9.5361 4.8678 0.24132.91549.5268 33.565069.5228 119.9227
W21+ 1.55914.92467.5387 9.4209 12.98047.7875 1.21784.425411.933637.825088.7261 190.5227
W22+ 2.60485.958910.17829.3156 14.687410.68961.44645.132011.459325.483279.3531 185.3436
W23+ 2.90958.502211.73266.4043 17.700814.78941.05453.34168.9154 31.105084.0439 190.5443
W24+ 1.96136.62075.0859 8.7325 20.023121.96841.03844.094921.257049.159486.6538 186.2551
W25+ 1.18743.331215.097712.958425.577420.55681.73336.674044.536723.4193109.7857197.1963
the preliminary experimental data for the W 19+ recombination [17] and the final data
published in Ref. [16] and presented on Fig. 4. In this situation the theoretical
calculation may be an important source of the recombination data for higher energies.
We have proposed a simple energy dependence of the fluorescence yield in our
previous work as ωf = 1/(1 + bε). It has been shown that a single constant b is
sufficient to fit the experimental curve for the capture rate. We found b = 0.124 eV−1
for W20+ [5]. In the present work we have found b = 0.08 eV−1 for W18+. These fits and
our calculations have the same energy dependence. For W21+ there are no published
experimental data and we use b = 0.1 (eV)−1. We have also taken the average value
b = 0.1 for W19+ since this seems natural for the ion between W18+ and W20+. Note
that all rates obtained using these fits (red short-dashed lines in Fig. 4) are in agreement
with our calculated rates (black solid lines).
Finally, the plasma rate coefficient is calculated by convolution of the recombination
cross section with an isotropic Maxwellian electron energy distribution since the
recombination process takes place in hot plasma [29]. It can be calculated by taking
integration of merged-beam electron recombination rate α(ε) as
α(T ) =
2(kBT )
− 3
2√
pi
∫ ∞
0
dε α(ε)
√
ε exp
(
− ε
kBT
)
, (16)
where T is the plasma electron temperature and kB is the Boltzmann constant. In
this work we have performed the calculation starting from 1 eV to 240 eV in 1 eV
energy steps. In one of our previous works [8] we have shown that for small energies
(less than 1 eV) our theory recovers the enhancement in the measured recombination
rate. Therefore, we have extrapolated our result for the rate to the energy interval of
0 < ε ≤ 1 eV without calculation, just to estimate the contribution of energies below
1 eV to the integral. We have not done this extrapolation for other ions instead they
are taken constant in less than 1 eV. This is acceptable since a significant abundance of
highly charged tungsten ions in plasma appears at temperatures above 100 eV, where
the energy integration interval of 0 < ε ≤ 1 eV is not important. The results are
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Figure 4. (Color online) The calculated electron recombination rate (black solid)
obtained from α = ωfαc. The capture rate (black dot-dashed) has been calculated
using Equation (9) as αc = σc
√
2ε/m. The fluorescent yield ωf is given by (12).
Available experimental data for three ions are shown by doted lines. The blue long-
dashed lines are obtained by replacement of the total autoionization width Γ(a) with
Γ(a)/2 in (12) for the fluorescent yield to get a better agreement with the experimental
measurements for W18+ (see text). The red short-dashed lines are obtained using
a simple expression for the fluorescence yield ωf (ε) = 1/(1 + bε) [5] which fits the
experimental recombination rate data. Here b = 0.08 eV−1 for W18+, 0.1 eV−1 for
W19+, 0.124 eV−1 for W20+, and 0.1 eV−1 for W21+.
presented at Figs. 6 and 7.
We fitted our calculated plasma rate coefficients α(T ) with the standard formula
[15, 29] to make them easy to use in the modelling of the fusion plasma. Twelve
parameters Ci and Ei, (i = 1, ..., 6) are used in the exponential sum
α(T ) = (kBT )
− 3
2
6∑
i=1
Ci exp
(
− Ei
kBT
)
, (17)
to fit our results perfectly in the temperature interval 1-1000 eV. They are tabulated in
Table 2 for each tungsten ion considered in the current work.
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Figure 5. The predicted electron recombination rate coefficients (solid lines). The
dot-dashed curves show the electron capture rates (the difference between these two
curves is due to the fluorescent yield ωf < 1).
6. Conclusion
The present paper provides the first many-body calculations of the electron
recombination rates for the highly charged tungsten ions Wq+, q = 21 – 25 with open
f-shells. The experimental data for these rates are not available and it is difficult to
measure them using existing experimental techniques. Furthermore at electron energy
above 50 eV, the experimental rates have a significant uncertainty due to large statistical
errors and difficult subtraction of background. Therefore the current calculations
are needed for modelling of the plasma in thermonuclear reactors, which is always
contaminated by tungsten ions.
We explore a mechanism of multi-electron recombination (extension of the di-
electronic recombination) due to a very dense spectrum of chaotic compound resonances.
We have developed a statistical theory to describe such processes. Our results are
presented in Figs. 4 – 7. We fit the calculated plasma rate coefficients by the standard
analytical formulae presented in Eq. 17 to make the use of our results simple and
convenient. The fitting parameters Ci and Ei, (i = 1, ..., 6) of this formula for each
tungsten ion are given in the Table 2.
To test our theory we compare our results with the available experimental data
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Figure 6. (Color online) Experimental (black doted-line) and calculated plasma
recombination rates (black solid lines). The calculated rate for W18+ are shown with
blue long-dashed line since the coefficient K = 1/2 instead of 1 for others. The red
short-dashed lines are obtained using a simple expression for the fluorescence yield
ωf (ε) = 1/(1 + bε) with b = 0.08 (eV)
−1 for W18+, 0.1 (eV)−1 for W19+, 0.124 (eV)−1
for W20+, and 0.1 (eV)−1 for W21+ (see Fig.4)
for W18+, W19+, and W20+. We show that our statistical theory provides a reasonable
quantitative description of the recombination rates for ions with open f-shell which
possess chaotic many-electron compound resonances. This multi-electron recombination
rate exceeds the direct recombination rate by 2-3 orders of magnitude.
Electron recombination with tungsten ions with open f-shells 18
1 10 100 1000
10-10
10-9
10-8
10-7
1 10 100 1000
10-10
10-9
10-8
10-7
1 10 100 1000
10-10
10-9
10-8
10-7
1 10 100 1000
10-10
10-9
10-8
Temperature (eV)
Pl
as
m
a 
ra
te
 c
oe
ffi
ci
en
t (
cm
3 s
-
1 )
W22+ W23+
W24+ W25+
Figure 7. The plasma rate coefficients corresponding to the merged-beam
recombination rates plotted on Fig. 5.
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